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Abstract
In this paper, we study a certain extension of Nori’s fundamental group in the case
where a base field is of characteristic 0 and give structure theorems about it. As a result
for a smooth projective curve with genus g > 1, we prove that Nori’s fundamental group
acts faithfully on the category of unipotent bundles on the universal covering. In the case
when g = 1, we give a more finer result.
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1. INTRODUCTION
In [16] [17, Chapter I], Nori defined a fundamental group scheme πN1 (X,x) for a proper
reduced connected variety X over a perfect field k together with a rational point x ∈ X(k). It
is the Tannakian fundamental group of the category CN (X) of essentially finite bundles on X
with respect to a fiber functor E 7→ x∗E . Here an essentially finite bundle is a vector bundle
trivialized by a finite torsor π : P → X. Nori’s fundamental group πN1 (X,x) is a pro-finite
group scheme controlling all pointed finite torsors (P, p) → (X,x). If k is an algebraically
closed field of characteristic 0, then a finite torsor is nothing but a connected Galois e´tale
covering over X, so in this case, πN1 (X,x) is none other than the geometric e´tale fundamental
group π1(X,x) of X [8].
In [17, Chapter II], Nori also studied the pro-unipotent group scheme πuni1 (X,x) con-
trolling all unipotent torsors over (X,x). The group πuni1 (X,x) is defined as the Tannakian
fundamental group of the category Cuni(X) of unipotent bundles on X with respect to the
fiber functor x∗. Here a vector bundle is said to be unipotent if it is obtained by successive
extensions of the trivial bundle OX .
In this paper, we consider and study a bigger fundamental group πEN1 (X,x), which has,
as a quotient, both πN1 (X,x) and π
uni
1 (X,x), in the case where a base field is of characteristic
0. The fundamental group πEN1 (X,x) is defined as follows. A vector bundle E on X is said
to be semifinite if it is obtained by successive extensions of essentially finite bundles. We
denote by CEN (X) the category of semifinite bundles on X. Then we find that CEN (X)
is a neutral Tannakian category over k (Proposition 2.14) and we define πEN1 (X,x) as its
Tannakian fundamental group. If k is of characteristic 0, then it turns out that the category
CN (X) is semi-simple (Remark 2.17) and it is not closed under taking extensions in Coh(X).
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The category CEN (X) is larger than CN (X). In particular, it contains the category Cuni(X).
Therefore, from the Tannaka duality, we obtain the following diagram:
πEN1 (X,x)
puni
−−−−→ πuni1 (X,x)
pN
y
πN1 (X,x)
(1.1)
Note that both pN and puni are surjective. The aim of this paper is to study πEN1 (X,x).
Now we state the main results. First we study πEN1 in the case where X is an elliptic
curve (Section 3). In this case, by using Atiyah’s result [2], we can classify completely all
indecomposable semifinite bundles on X (Lemma 3.7) and we obtain the following (Theorem
3.10):
Theorem 1.1. Let X be an elliptic curve defined over an algebraically closed field k of
characteristic 0 and with x = 0 ∈ X(k). Then there exists an isomorphism of group schemes
πEN1 (X,x) ≃ π
N
1 (X,x)× π
uni
1 (X,x).
Remark 1.2. (1) In [13], Lekaus studied vector bundles of degree 0 on an elliptic curve (Sec-
tion 3.2) and calculated a fundamental group of a Tannakian category generated by an inde-
composable vector bundle of degree 0 (Theorem 3.2).
(2) In [11] [12], Langer studied an S-fundamental group scheme πS1 (X,x) for a projective
smooth variety in any characteristic. Here, πS1 (X,x) is the Tannakian fundamental group
of the Tannakian category of Nori-semistable bundles on X, which is a slightly different
notion from the semistability condition considered in this paper (Definition 2.2). If k is of
characteristic 0, πEN1 (X,x) is a quotient of π
S
1 (X,x). Langer gave a structure theorem of
πS1 (X,x) for an abelian varirty [12, Theorem 6.1]. Our result for an elliptic curve (Theorem
1.1) should be compared with this theorem.
Next we study πEN1 (X,x) for an arbitrary variety (Section 4). In this case, it might be
hard to classify all indecomposable semifinite bundles. But we can describe completely the
difference between πEN1 and π
N
1 . We put π
E
1 (X,x)
def
= Ker(pN ) (cf. (1.1)). Then we obtain
the following result (Corollary 4.9):
Theorem 1.3. Let X be a geometrically-connected and reduced proper scheme over a field
k of characteristic 0. Let Λ = (XS , xS) be the pro-system of connected finite torsors over X
associated with x ∈ X(k) (cf. Section 2.2). Then there is an isomorphism of group schemes
πE1 (X,x) ≃ lim←−
Λ
πuni1 (XS , xS).
Remark 1.4. If k is a field of characteristic 0, then πN1 (X,x) is essentially Grothendieck’s
geometric fundamental group π1(X,x). In the case of positive characteristic, the situation is
different and the former is strictly larger than the latter. This difference has been calculated
by Esnault-Hai-Sun [7, Chapter 3]. Their method will be adopted to give a description of the
difference between πN1 (X,x) and π
EN
1 (X,x) (Section 4.1).
2
From the definition of πEN1 (X,x), we have the following exact sequence:
1→ πE1 (X,x)→ π
EN
1 (X,x)
pN
→ πN1 (X,x)→ 1. (1.2)
Assume that k is an algebraically closed field of characteristic 0. Then since πN1 (X,x) is
reductive and πE1 (X,x) is unipotent, the exact sequence (1.2) is split and the projection p
N
always has a section. Each section defines a representation of πN1 (X,x):
ρ : πN1 (X,x)→ Aut(k[π
E
1 (X,x)]). (1.3)
Then we obtain the following result (Theorem 4.12):
Theorem 1.5. Under the above notation, if X is a geometrically connected proper smooth
curve defined over an algebraically closed field k of genus g ≥ 2, then the representation
ρ (1.3) is faithful.
Finally, we discuss on the basic properties of πEN1 (Section 5). First recall that both
Nori’s fundamental group πN1 and the unipotent fundamental group π
uni
1 have the base change
property for algebraic separable extensions of a base field and satisfy the Ku¨nneth formula
[15] [17] (See also Remark 5.4). Moreover, Esnault-Hai-Viehweg and Zhang studied on the
homotopy sequence of Nori fundamental group πN1 and they give a necessary and sufficient
condition, in terms of the category of essentially finite bundles, in order that the homotopy
sequence of πN1 for a separable proper family is exact [22, Theorem 3.1]. In the final section,
we prove the base change property and the Ku¨nneth formula for our fundamental group
πEN1 (Proposition 5.2 and Proposition 5.5). Moreover, as the referee suggested, we include a
discussion on the homotopy exact sequence for πEN1 in Section 5.2.
Finally, we give a remark on a related work by Borne and Vistoli:
Remark 1.6. After we submitted the present paper, the author learned that Borne-Vistoli
independently carried out a similar research. We learned it a silde for a talk at a conference [3].
NOTATION
Throughout this paper, k always means a perfect field. We denote by Schk the category of
separated schemes of finite type over k. We denote by Vark (resp. Cvk) the full subcate-
gory of Schk consisting of geometrically-connected and reduced proper schemes over k (resp.
consisting of geometrically-connected and reduced proper schemes over k of dimension 1.
Let X ∈ Ob(Schk). For each E ,F ∈ Ob(Qcoh(X)), we denote by HomOX (E ,F) the set of
morphisms in Qcoh(X) and by Γ(X, E), or Γ(E) the set of global sections.
We denote by Veck the category of finite dimensional vector spaces over k. For an affine
group scheme G over k, we denote by Repk(G) the category of finite dimensional left linear
representations of G over k.
Let C be a k-linear abelian category. For each family A ⊂ Ob(C), we denote by 〈A〉 the
full subcategory of C consisting the subquotients of P1 ⊕ · · · ⊕ Ps for some P1, . . . , Ps ∈ A.
Namely, for each W ∈ Ob(〈A〉), there exist V1, V2 ∈ Ob(C) and P1, . . . , Ps ∈ A such that
V1 ⊂ V2 ⊂ P1 ⊕ · · · ⊕ Ps and W ≃ V2/V1 in C. Note that 〈A〉 is also a k-linear abelian
category. If A = {P}, then we simply write 〈P 〉 for 〈{P}〉.
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Let C be a k-linear abelian rigid tensor category. For each object P ∈ Ob(C), we define
the full subcategory 〈P 〉⊗ of C by 〈P 〉⊗
def
= 〈P⊗n ⊗ (P∨)⊗m|n,m > 0〉. Note that 〈P 〉⊗ is also
a k-linear abelian rigid tensor category.
2. SEMIFINITE BUNDLES
2.1 Preliminaries
In this subsection, we recall some basic facts of vector bundles. Let k be a perfect field and
X ∈ Ob(Schk). A vector bundle E on X is a locally free sheaf on X of finite rank. For
each vector bundle E on X, we can associate an X-scheme V(E) by V(E)
def
= Spec(S(E∨)),
where S(E∨) =
⊕
n≥0 S
n(E∨) is the symmetric algebra of E∨. This correspondence E 7→ V(E)
is functorial. A locally free subsheaf F of a vector bundle E is called a subbundle if the
corresponding morphism V(F)→ V(E) is a closed immersion. In this case, the quotient E/F
is also a vector bundle. Let X ∈ Ob(Vark) and let V(X) be the full subcategory of Coh(X)
consisting of vector bundles on X. Now for any E ,F ∈ Ob(V(X)) the module HomOX (E ,F)
is finite dimensional over k and the Krull-Schmidt theorem holds in V(X) [1]. More precisely,
any vector bundle E on X can be written as a finite direct sum of indecomposable bundles
and such a decomposition is unique up to isomorphisms.
Let X ∈ Ob(Cvk) with X smooth, and E a vector bundle on X of rank n. The determinant
det(E) of E is the n-th exterior power ∧nE of E , which is an invertible sheaf. The degree of E
means the degree of det(E) and the quotient µ(E)
def
= deg(E)/n is called the slope of E .
Definition 2.1. Let X ∈ Ob(Cvk) with X smooth. A vector bundle E on X is said to
be stable (resp. semistable) if µ(F) < µ(E) (resp. µ(F) ≤ µ(E)) for any proper nonzero
subbundle F of E .
Nori introduced the notion of semistable bundles on an arbitrary proper variety:
Definition 2.2. ( [16] [17]) Let X ∈ Ob(Vark). A curve C in X is a smooth curve C ∈
Ob(Cvk) together with a morphism C → X which is birational onto its image. We say that
a vector bundle E on X is semistable if for any curve f : C → X in X, the inverse image f∗E
is semistable of slope 0 on C in the sense of Definition 2.1. We define the category S(X) as
the full subcategory of Coh(X) consisting of semistable bundles on X.
Nori proved the following:
Proposition 2.3. (Nori) Let X ∈ Ob(Vark). Then S(X) is a k-linear abelian category.
For the proof, see [16, Lemma 3.6] [17, Chapter I, Lemma 3.6]. We show that S(X) is
closed under taking extensions:
Proposition 2.4. Let X ∈ Ob(Vark). Then S(X) is closed under taking extensions in
Coh(X). More precisely, if there is an exact sequence of sheaves in Coh(X),
0→ E ′ → E → E ′′ → 0
with E ′, E ′′ in S(X), then E also belongs to S(X).
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Proof. Let f : C → X be a curve in X. Since both E ′ and E ′′ are locally free, we find that E
is also locally free. Thus the sequence
0→ f∗E ′ → f∗E → f∗E ′′ → 0
is exact in Coh(C). By assumption, both f∗E ′ and f∗E ′′ are semistable of slope 0 on C. Hence
so is f∗E ( [14, Proposition 5.3.5]). This implies that E ∈ Ob(S(X)).
2.2 Essentially finite bundles
In this subsection, we recall Nori’s theory on a fundamental group scheme (cf. [16] [17]).
Let X ∈ Ob(Vark). A vector bundle E on X is said to be finite when there exist different
polynomials f 6= g ∈ N[t] suth that f(E) ≃ g(E). For example, let G be a finite k-group
scheme and π : P → X a G-torsor over X. Then, we have G × P ≃ P ×X P . This implies
that (π∗OP )⊕n ≃ (π∗OP )⊗2, where n = dimΓ(OG), and π∗OP is a finite bundle on X.
Now we give two characterizations of finite bundles. For each vector bundle E on X, we
denote by I(E) the set of isomorphism classes of direct summand of E and put
S(E)
def
=
⋃
n>0
I(E⊗n). (2.1)
Then, a vector bundle E on X is finite if and only if #S(E) <∞ [16, Lemma 3.1] [17, Chapter
I, Lemma 3.6]. Furthermore, let Vec(X) be the set of isomorphism classes of vector bundles
on X. We define the Q-algebra K(X) by:
K(X)
def
= (Z[Vec(X)]/H)⊗Z Q (2.2)
Here the algebra structure on K(X) is induced by [E ]+ [F ]
def
= [E ⊕F ], [E ] · [F ]
def
= [E ⊗F ] and
H is the ideal generated by all elements of the form [E ⊕ E ′]− [E ]− [E ′]. The Krull-Schmidt
theorem implies that the set of isomorphism classes of indecomposable vector bundles is a basis
of K(X). For each vector bundle E , we denote by R(E) the subalgebra of K(X) generated
by S(E). Then E is finite if and only if the Krull dimension of R(E) is equal to 0 [16, Lemma
3.1] [17, Chapter I, Lemma 3.6].
The first characterization implies that a line bundle is finite if and only if it is a torsion
line bundle [16, Lemma 3.2] [17, Chapter I, Lemma 3.2]. The second one implies that a
direct sum and a tensor product of any two finite bundles are also finite, and that the dual
and a direct summand of a finite bundle are also finite. Nori showed that any finite bundle
is semistable [16, Corollary 3.5] [17, Chapter I, Corollary 3.5]. Therefore, the following is
well-defined:
Definition 2.5. Let A ⊂ Ob(S(X)) be the family of finite indecomposable bundles on X.
We define the category CN (X) by CN (X)
def
= 〈A〉 ⊂ S(X). An semistable bundle E on X is
said to be essentially finite bundle on X if E belongs to CN (X).
Nori proved that if X(k) 6= ∅, then CN (X) is a neutral Tannakian category over k in
the sense of [4]. In this case, each rational point x ∈ X(k) defines a neutral fiber functor
ωx
def
= x∗ : CN (X) → Veck; E 7→ x
∗E . Note that the condition that the connectivity of X
makes ωx a faithful functor. Nori defined the fundamental group scheme of X with respect
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to a base point x as the Tannakian fundamental group of CN (X) with a fiber functor ωx. We
denote it by πN1 (X,x). For each finite bundle E , since S(E) is a finite set, the corresponding
Tannakian fundamental group G of 〈E〉⊗ is a finite k-group scheme [4, Proposition 2.20(1)].
Thus πN1 (X,x) is a profinite group scheme over k.
Let X ∈ Ob(Schk) and G an affine k-group scheme. A G-torsor over X is an X-scheme
π : P → X together with a morphism φ : P ×G→ P satisfying the following properties:
(a) π is a faithfully flat affine morphism,
(b) φ : P ×G→ P defines an action of G on P with π ◦ φ = π ◦ pr1,
(c) (pr1, φ) : P ×G→ P ×X P is an isomorphism.
To each G-torsor π : P → X, we can associate an exact tensor functor F (P ) : Repk(G)→
Qcoh(X) as follows. Each representation V of G gives rise to a vector bundle (OP ⊗kV )/G on
X. This correspondence V 7→ (OP⊗kV )/G defines an exactfaithful tensor functor Repk(G)→
Qcoh(X). We denote it by F (P ). Nori proved that every exact faithful tensor functor
Repk(G) → Qcoh(X) is of the form F (P ) for some G-torsor P → X. Furthermore, for each
rational point x ∈ X(k), the composition x∗ ◦ F (P ) : Repk(G) → Veck is nothing but the
forgetful functor and the corresponding torsor P ×X x → x is trivial. This implies that the
torsor P admits a rational point p above x. For details, see [16, Proposition 2.9] [17, Chapter
1, Proposition 2.9].
Now we apply this to our setting. Let X ∈ Ob(Vark) with X(k) 6= ∅. Fix a rational point
x ∈ X(k). By Tannaka duality, the fiber functor ωx : C
N (X) → Veck induces an equivalence
of categories
CN (X)
≃
→ Repk(π
N
1 (X,x)). (2.3)
Let F be the inverse functor of (2.3). From the above discussion, there exists a pointed
πN1 (X,x)-torsor π : (X
N
x , x
N )→ (X,x) with F = F (XNx ). Let S be a full tensor subcategory
of CN (X) generated by finitely many objects and denote by π(X,S, x) its Tannakian funda-
mental group, which is a finite k-group scheme and πN1 (X,x) = lim←−S
π(X,S, x). By composing
with F , the natural inclusion Repk(π(X,S, x)) →֒ Repk(π
N
1 (X,x)) yields a π(X,S, x)-torsor
πS : (XS , xS) → (X,x) together with a rational point xS ∈ XS(k) above x. Since F (XS) is
fully faithful, we have
Γ(XS ,OXS ) = HomOXS (OXS ,OXS ) = HomOX (OX , (πS)∗OXS )
≃ HomRepk(pi(X,S,x))(k, k[π(X,S, x)]) = (k[π(X,S, x)])
pi(X,S,x) = k,
(2.4)
so XS is geometrically-connected [17, Chapter II, Proposition 3]. Furthermore, for any object
E in CN (X), we have
E ∈ Ob(S)⇔ π∗SE = trivial. (2.5)
Let S ⊆ T ⊂ CN (X) be two finitely generated full tensor subcategories. Then there is a unique
morphism πTS : XT → XS over X such that πTS(xT ) = xS . Note that πTS : XT → XS is
a finite torsor with strucure group GTS
def
= Ker(π(X,T, x)) ։ π(X,S, x)) [7, Lemma 2.6].
We have a pro-system Λ = (XS , xS)S of connected finite torsors over X with (X
N
x , x
N ) =
lim←−S(XS , xS). Note that If π(X,S, x) is e´tale, then XS is geometrically-reduced.
Remark 2.6. The fundamental group πN1 (X,x) has the following universal property: for any
finite group scheme G over k, the natural map
Hom(πN1 (X,x), G) → Tors((X,x), G); φ 7→ (P, p) = (X
N
x ×G)/π
N
1 (X,x),
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is bijective. Here Tors((X,x), G) stands for the set of isomorphism classes of all pointed
G-torsors (P, p) over (X,x).
Remark 2.7. If the characteristic of k is 0, then every finite k-group scheme G is reduced
and Repk(G) is semi-simple. Thus, in this case, C
N (X) is semi-simple and essentially finite
bundles are indeed finite [16, Section 3] [17, Chapter I, 3].
Furthermore, if k is an algebraically closed field of characteristic 0, then a finite G-torsor
(P, p)→ (X,x) together with a point above x is nothing but a connected Galois e´tale covering
of (X,x) with Galois group G(k) and the fundamental group scheme πN1 (X,x) is none other
than the geometric e´tale fundamental group π1(X,x) of X.
2.3 Unipotent bundles
In [17, Chapter IV], Nori also considered the category of unipotent bundles. LetX ∈ Ob(Vark).
Definition 2.8. A vector bundle E on X is said to be unipotent if there exists a filtration
E = E(0) ⊃ E(1) ⊃ · · · ⊃ E(n) = 0 (2.6)
such that E(i)/E(i+1) ≃ OX for any i. We define the category C
uni(X) as the full subcategory
of Coh(X) consisting of unipotent bundles on X.
By Propositon 2.4, the category Cuni(X) is contained in S(X). Nori proved that Cuni(X)
is a Tannakian category [17, Chapter IV, Lemma 2]:
Proposition 2.9. (Nori) Let X ∈ Ob(Vark) with X(k) 6= ∅. Then the category C
uni(X) is a
neutral Tannakian category over k and its Tannakian fundamental group is a unipotent affine
group scheme over k.
Here, an affine group scheme G is said to be unipotent if any non-trivial representation
ρ : G → GL(V ) has an element 0 6= v ∈ V such that gv = v for any g ∈ G. For the proof
of Proposition 2.9, see [17, Chapter IV.1]. Again, each rational point x ∈ X(k) defines a
neutral fiber functor ωx : C
uni(X)→ Veck; E 7→ x
∗E of Cuni(X). We denote by πuni1 (X,x) the
Tannakian fundamental group of Cuni(X) with respect to the fiber functor ωx.
Proposition 2.10. Let X ∈ Ob(Vark). If k is of characteristic 0, then the following hold:
(1) Any object of CN (X) ∩ Cuni(X) is isomorphic to O⊕dX for some d ≥ 0.
(2) For any finite bundles F , F ′ ∈ Ob(CN (X)) and any unipotent bundles E , E ′ ∈
Ob(Cuni(X)), the natural k-linear map
HomOX (F ,F
′)⊗HomOX (E , E
′)→ HomOX (F ⊗ E ,F
′ ⊗ E ′)
is bijective.
Proof. (1) Note that both CN (X) and Cuni(X) are closed under taking direct summands in
S(X) and so is CN (X) ∩ Cuni(X). Thus it suffices to deal with only indecomposable bundles.
Let E be an indecomposable bundle in S(X) which belongs to both CN (X) and Cuni(X).
Since CN (X) is semi-simple (Remark 2.7), we find that E is a simple object in CN (X). On the
other hand, since E is unipotent and there is an inclusion OX →֒ E . Since both OX and E are
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simple in CN (X), this inclusion must be an isomorphism of sheaves. Thus any indecomposable
bundle which belongs to CN (X) ∩ Cuni(X) must be isomorphic to OX .
(2) For any two vector bundles E , E ′, we have HomOX (E , E
′) ≃ HomOX (OX , E
∨ ⊗ E ′) =
Γ(E∨ ⊗ E ′). Thus it suffices to show that for any F ∈ Ob(CN (X)) and E ∈ Ob(Cuni(X)), the
natural map
Γ(F) ⊗ Γ(E)→ Γ(F ⊗ E)
is bijective. We may assume that F and E are indecomposable in CN (X) and Cuni(X),
respectively. If F = OX , then the above map is reduced to the natural bijection Γ(F)⊗k k ≃
Γ(F) and the statement is true. It remains to be proven that if F is not isomorphic to the
trivial bundle OX , then F ⊗ E has no global sections. Take a filtration
E = E(0) ⊃ E(1) ⊃ · · · ⊃ E(n) = 0
such that E(i)/E(i+1) ≃ OX for any i. Then the filtration obtained by tensoring with F ,
F ⊗ E = F ⊗ E(0) ⊃ F ⊗ E(1) ⊃ · · · ⊃ F ⊗ E(n) = 0
gives a Jordan-Ho¨lder filtration of F ⊗ E in S(X) and all the subquotients (F ⊗ E(i))/(F ⊗
E(i+1)) ≃ F are not isomorphic to the trivial bundle OX for any i. Thus OX cannot be
embedded into F ⊗ E , whence Γ(F ⊗ E) = 0. This finishes the proof.
Remark 2.11. In the case of positive characteristic, the situation is quite different. In fact,
Cuni(X) is a full subcategory of CN (X) [17, Chapter IV.1, Proposition 3].
2.4 Semifinite bundles
In this subsection, we introduce the notion of semifinite bundles in the case where a base field
is of characteristic 0. Let k be a field of characteristic 0 and X ∈ Ob(Vark) with X(k) 6= ∅.
Definition 2.12. A vector bundle E on X is said to be semifinite if there exists a filtration
E = E(0) ⊃ E(1) ⊃ · · · ⊃ E(n) = 0
such that E(i)/E(i+1) is finite indecomposable for any i. We denote by CEN (X) the full
subcategory of Coh(X) consisting of semifinite bundles on X.
From Proposition 2.4, the category CEN (X) is a subcategory of S(X). By definition, the
category CEN (X) is closed under taking extensions in Coh(X).
Remark 2.13. Under the above notation,
(1) we have CN (X), Cuni(X) ⊆ CEN (X) ⊂ S(X), and
(2) any simple object in CEN(X) is nothing but a finite indecomposable bundle on X.
Now we obtain the following:
Proposition 2.14. The category CEN (X) is a k-linear abelian rigid tensor category. Further-
more, each rational point x ∈ X(k) defines a neutral fiber functor ωx : C
EN (X)→ Veck; E 7→
x∗E of CEN (X). Therefore, under the condition that X(k) 6= ∅, it is a neutral Tannakian
category over k.
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Proof. We adopt the proof of [17, Chapter IV.1]. First we show the category CEN (X) is a rigid
tensor category. Let E , F ∈ Ob(CEN (X)). We must show that E ⊗ F , E∨ ∈ Ob(CEN (X)).
If E is finite, then by induction on rkF , we can find that E ⊗ F ∈ Ob(CEN (X)). If E is an
arbitrary semifinite bundle, take a filtration
E = E(0) ⊃ E(1) ⊃ · · · ⊃ E(n) = 0
with E(i)/E(i+1) finite bundles. By tensoring with F , we obtain the filtration on E ⊗ F ⊇
E(i) ⊗F ⊃ E(i+1) ⊗F with E(i) ⊗F/E(i+1) ⊗F ≃ (E(i)/E(i+1))⊗F semifinite. Since CEN (X)
is closed under taking extensions, we can conclude that E ⊗ F ∈ Ob(CEN (X)). On the other
hand, we define the subbundle (E∨)(i) ⊂ E∨ by (E∨)(i)
def
= (E/E(n−i))∨. Then these gives a
filtration on E∨ with (E∨)(i)/(E∨)(i+1) ≃ (E(n−i−1)/E(n−i))∨ finite. Therefore, E∨ is semifinite.
Finally, we will show that it is an abelian category. Let f : E → F be a morphism with
E and F in CEN(X). We must show that both Ker(f) and Coker(f) are in CEN (X). We
will do that by induction on rk(E) + rk(F). If rk(E) = 0, or rk(F) = 0, then it is clear that
Ker(f),Coker(f) ∈ Ob(CEN (X)). If both E and F are simple in CEN (X), then in particular
these are finite bundles and Ker(f),Coker(f) ∈ Ob(CN (X)) ⊂ Ob(CEN (X)). (In fact, in
this case, f is zero, or an isomorphism.) Assume that E , or F is not simple in CEN(X). By
considering the dual f∨ : F∨ → E∨, if necessary, we may assume that F is not simple. Then
there exists an exact sequence
0→ F ′
i
→ F
j
→ F ′′ → 0,
where F ′,F ′′ ∈ Ob(CEN (X)) with F ′′ simple. Note that rk(E) + rk(F ′) < rk(E) + rk(F).
Since F ′′ is simple, Im(j ◦ f) is 0, or surjective. In the first case, f factors through F ′,i.e.,
there exists a morphism g : E → F ′ such that i ◦ g = f .
0 −−−−→ E E −−−−→ 0
g
y fy y
0 −−−−→ F ′
i
−−−−→ F
j
−−−−→ F ′′ −−−−→ 0
By the induction hypothesis, Ker(g) and Coker(g) are in CEN (X). By the snake lemma, we
have Ker(f) ≃ Ker(g) and the exact sequence 0 → Coker(g) → Coker(f) → F ′′ → 0, which
implies that Ker(f) and Coker(f) are in CEN (X). In the second case,i.e., Im(j◦f) = F ′′, again
the snake lemma implies that both Ker(f) and Coker(f) are in CEN (X), which completes the
proof.
Remark 2.15. Let S be a full tensor abelian subcategory of CN (X). We define the category
S as the full subcategory of CEN (X) consisting of semifinite bundles obtained by taking
successive extensions of finite bundles in S. The same proof as the above proposition implies
that S is a k-linear abelian rigid tensor category. Furthermore, it is closed under taking
subquotients in CEN(X).
Definition 2.16. Under the above notation, we denote by πEN1 (X,x) the Tannakian funda-
mental group of CEN(X) with respect to the fiber functor ωx.
Remark 2.17. Note that both CN (X) and Cuni(X) are full subcategories of CEN (X) which
are closed under taking subquotients, and, in particular, are closed under taking subobjects.
Thus, by [4, Proposition2.12] or Lemma 4.7 (i), we obtain the diagram (1.1).
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3. SEMIFINITE BUNDLES ON AN ELLIPTIC CURVE
In this section, we assume that k is an algebraically closed field of characteristic 0 and that
X is an elliptic curve over k, i.e., a smooth curve X in Cvk of genus 1 with x ∈ X(k) fixed.
3.1 Vector bundles of degree 0 on an elliptic curve
In this subsection, we recall Atiyah’s theorem for vector bundles on an elliptic curve [2] and
Lekaus’ work for vector bundles of degree 0 on an elliptic curve [13]. In [2], Atiyah studied
and classified vector bundles on an elliptic curve. The following is a part of his results:
Theorem 3.1. (Atiyah) Let E(r, 0) be the set of isomorphism classes of indecomposable
vector bundles of rank r and of degree 0 on X.
(1) There exists a vector bundle Er ∈ E(r, 0), unique up to isomorphisms, with Γ(Er) 6= 0.
Moreover we have an exact sequence:
0→ OX → Er → Er−1 → 0.
(2) Let E ∈ E(r, 0), then E ≃ Er ⊗ L for some line bundle L of degree 0 with L ≃ detE .
(3) Each Er is self dual,i.e., E
∨
r ≃ Er.
(4) We have Er ⊗ Es ≃
⊕min(r,s)
i=1 Eri . Furthermore, we obtain
Er ⊗ Es ≃ Er−s+1 ⊕ Er−s+3 ⊕ · · · ⊕ E(r−s)+(2s−1)
for 2 ≤ s ≤ r.
(5) We have dimΓ(Er ⊗ Es) = min(r, s). In particular, we have dimΓ(Er) = 1.
In [13], Lekaus studied Tannakian categories generated by indecomposable vector bundles
of degree 0 on X. For each indecomposable vector bundle E of degree 0, we define a full sub-
category C(E) of S(X) by C(E)
def
= 〈S(E)〉(cf. (2.1)). Lekaus proved that for any E ∈ E(r, 0),
the category C(E) is a neutral Tannakian category over k and calculated these Tannakian
fundamental groups by using Theorem 3.1 and obtained the following results:
Theorem 3.2. (Lekaus) Under the above notation, the following hold:
(1) The Tannakian fundamental group of C(E2) is isomorphic to Ga.
(2) If L is a non-torsion line bundle, then the Tannakian fundamental group of C(E2 ⊗L)
is isomorphic to Ga ×Gm.
(3) If L is a torsion line bundle of order m > 0, then the Tannakian fundamental group
of C(E2 ⊗ L) is isomorphic to Ga × µm.
Remark 3.3. (1) By using Atiyah’s theorem (Theorem 3.1(1), (3) and (4)), Lekaus showed
that
S(Er) =
{
{Ek; k > 0} if r: even,
{E2k−1; k > 0} if r: odd.
However, for any k > 0, E2k−1 is a subbundle of E2k (Theorem 3.1(1), (3)). Thus we have
C(Er) = C(E2) for any r > 1.
(2) Let L be a torsion line bundle of order m > 0. Lekaus also proved that
S(E2 ⊗ L) =
{
{E2k−1 ⊗ L
⊗2i, E2k ⊗ L
⊗2i+1; k > 0, i = 0, . . . ,m/2} if m: even,
{E2k−1 ⊗ L
⊗i; k > 0, i = 0, . . . ,m− 1} if m: odd.
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Remark 3.4. If E is a finite bundle, then Nori’s theory shows that there is a finite GE -torsor
π : PE → X such that π
∗(E) is trivial over P . In this case, the equality dimR(E) = dimGE(= 0)
holds (cf. Section 2.2). In [13], Lekaus showed that such relation between dimR(E) and dimGE
can be generalized for a vector bundle of degree 0 on an elliptic curve. Namely, Lekaus proved
that for each E ∈ E(r, 0), there exists a GE -torsor π : PE → X such that π
∗E = trivial and
dimR(E) = dimGE (= 1) and E can not be trivialized by any G-torsor with dimG < dimR(E).
Thus, Theorem 3.2 implies that if rkE ≥ 2, dimR(E) can not be 0.
Remark 3.5. Remark 3.4 shows that finite indecomposable bundles on X must be line
bundles (cf. Section 2.2). However, a line bundle is finite if and only if it is a torsion line
bundle. Therefore, a finite indecomposable bundle on an elliptic curve X is nothing but a
torsion line bundle on X.
3.2 Structure theorem of πEN1 for an elliptic curve
In this subsection, we give a proof of Theorem 1.1, which is a generalization of Theorem 3.2
(3).
Lemma 3.6. (1) All indecomposable bundles of C(E2) are of the form Er.
(2) We have C(E2) = C
uni(X).
Proof. (1) Note that Theorem 3.1(1) implies that all Er(r > 0) are unipotent bundles. Take an
indecomposable bundle E which is in C(E2). Then it is a subquotient of a finite direct sum of
Eri , i = 1, . . . , t (Remark 3.3). Thus there exists an indecomposable bundle F of degree 0 such
that HomOX (F , E) 6= 0 and HomOX (F ,⊕
t
i=1Eri) 6= 0. If rkF = r, then we have F = Er ⊗ L
for some line bundle L (Theorem 3.1(2)). The condition HomOX (F ,⊕
t
i=1Eri) 6= 0 implies that
0 6= HomOX (F , Eri) ≃ HomOX (Er, Eri)⊗HomOX (L,OX)
for some i and F must be of the form Er (cf. Proposition 2.10(2)). Thus we have HomOX (Er, E) 6=
0, which again implies that E must be of the form Es.
(2) Let E ∈ Ob(Cuni(X)). We must show that E ∈ Ob(C(E2)). Since C
uni(X) is closed under
taking direct summands, we may assume that E is indecomposable. Since E is unipotent, there
exists an inclusion OX →֒ E , which implies that Γ(E) 6= 0. Therefore, by Theorem 3.1(1), E
must be of the form Er. Thus it is in C(E2) (Remark 3.3(1)).
Lemma 3.7. (1) Let L be a torsion line bundle of order m > 0. Then any indecomposable
bundle in C(E2 ⊗ L) is of the form Er ⊗ L
⊗i for some r > 0 and i = 0, . . . ,m− 1.
(2) For any torsion line bundle L, the category C(E2⊗L) is a full subcategory of C
EN (X)
which is closed under taking subobjects.
(3) Any indecomposable bundles in CEN (X) is of the form Er ⊗ L for some r > 0 and for
some torsion line bundle L.
Proof. (1) Let E be an indecomposable bundle in C(E2⊗L). By Theorem 3.1(2), we can write
E = Er ⊗ L
′ for some r > 0 and some line bundle L′ of degree 0. Since E is a subquotient
of ⊕tj=1Pj for some Pj ∈ S(E2 ⊗ L), there exists an indecomposable bundle F in S(X) such
that HomOX (F , E) 6= 0 and HomOX (F ,⊕
t
j=1Pj) 6= 0. From the same reason as in the proof of
Lemma 3.6(1), we can find that L′ must be of the form L⊗i for some i = 0, . . . ,m−1(Remark
3.3(2)). This finishes the proof.
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(2) Assume that the order of L is m > 0. For any i = 1, . . . ,m and r > 0, the bundle
E
def
= Er ⊗ L has a filtration
E = E(0) ⊃ · · · ⊃ E(r) = 0
with E(i)/E(i+1) ≃ L for all i and E is semifinite. By the previous result (1), we find that
C(E2⊗L) is a full subcategory of C
EN (X). We show that it is closed under taking subobjects
in CEN (X). Take E ∈ Ob(CEN (X)), F ∈ Ob(C(E2⊗L)) and an inclusion E →֒ F in C
EN (X).
Since the semi-simplification of an object of CEN (X) is unique, up to isomorphisms, and E
must be obtained by successive extensions of the simple objects which are subquotients of F .
Therefore, E also belongs to C(E2 ⊗ L).
(3) Take an indecomposable bundle E in CEN (X). We must show that it is of the form
Er ⊗ L for some r > 0 and some torsion line bundle L. By definition, there exists a torsion
line bundle L and an inclusion L →֒ E in Coh(X)(Remark 3.5). Then we have Γ(E ⊗ L∨) =
HomOX (L, E) 6= 0 and by Theorem 3.1(1), E ⊗ L
∨ must be isomorphic to Er, where r = rkE ,
whence E ≃ Er ⊗ L.
Lemma 3.8. Let L be a torsion line bundle on X. Fix a surjection of sheaves f : Er⊗L → L
with Ker(f) = Er−1 ⊗ L. Then f defines an essential extension in S(X).
Proof. Take a nonzero proper subobject g : F →֒ Er ⊗ L in S(X). We must show that f ◦ g
can not be an epimorphism. Since the functor id ⊗ L induces an equivalence of S(X) onto
itself, we can reduce the lemma to the case where L = OX . Assume that F
g
→֒ Er
f
։ OX is
surjective. Since Cuni(X) is closed under taking subobjects in S(X), F is a unipotent bundle.
Thus, Lemma 3.6 (2) implies that F is of the form ⊕ti=1Eri . Since we have assumed that F
is nonzero, we find that 1 ≤ dimΓ(F). On the other hand, since Γ( ) is left exact, we have
dimΓ(F) ≤ dimΓ(Er) = 1. For the final equality, we use Theorem 3.1(5). Thus Γ(F) = k and
F is indecomposable. Namely, we have F ≃ Es for some s < r. Now we may identify F with
Es. By taking dual of Es = F
g
→֒ Er
f
։ OX , we have the following commutative diagram of
two exact sequences
Ker(g∨)y
0 −−−−→ OX
f∨
−−−−→ E∨r −−−−→ Coker(f
∨) −−−−→ 0∥∥∥ g∨y y
0 −−−−→ OX
(f◦g)∨
−−−−→ E∨s −−−−→ Coker((f ◦ g)
∨) −−−−→ 0,
where g∨ is surjective. Since Γ( ) is left exact and Γ(OX) = Γ(E
∨
r ) = Γ(E
∨
s ) = k (Theorem
3.1(3)(5)), we find that Γ(g∨) : Γ(E∨r )→ Γ(E
∨
s ) is an isomorphism.
On the other hand, since rkKer(g∨) = r − s > 0 and both E∨r and E
∨
s are unipotent
bundles, the kernel of the surjection g∨ : E∨r → E
∨
s is again a nonzero unipotent bundle. Then
we have an exact sequence
0→ Γ(Ker(g∨)) →֒ Γ(E∨r )
Γ(g∨)
→ Γ(E∨s ). (3.1)
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As Γ(Ker(g∨)) 6= 0 and Γ(E∨r ) = k, the inclusion Γ(Ker(g
∨)) →֒ Γ(E∨r ) must be a bijective.
Since dim(Γ(Ker(g∨))) = dimΓ(E∨r ) = dimΓ(E
∨
s ) = 1, the exactness of (3.1) implies that
Γ(g∨) = 0, which is a contradiction. Hence, f : Er → OX is an essential extension.
Lemma 3.9. (1) In the category Cuni(X), we have 〈Er〉 ⊂ 〈Er+1〉 for any r > 0, and
Ob(Cuni(X)) =
⋃
Ob(〈Er〉). Furthermore, Er is a projective generator of 〈Er〉.
(2) Put Pm
def
=
⊕
L⊗m=OX
L for each m > 0. In CN (X), we have 〈Pm〉 ⊂ 〈Pmn〉 for any
m,n > 0 and Ob(CN (X)) =
⋃
Ob(〈Pm〉). Furthermore, Pm is a projective generator of 〈Pm〉.
(3) In CEN (X), we have 〈Er⊗Pm〉 ⊂ 〈Er+1⊗Pmn〉 for any r,m, n > 0 and Ob(C
EN (X)) =⋃
Ob(〈Er ⊗ Pm〉). Furthermore, Er ⊗ Pm is a projective generator of 〈Er ⊗ Pm〉.
Proof. (1) For each r > 0, we have Er ⊂ Er+1, which implies that 〈Er〉 ⊂ 〈Er+1〉. Lemma 3.6
implies that Ob(Cuni(X)) =
⋃
Ob(〈Er〉). We prove the final assertion. It suffices to show that
the natural surjection Er → OX is an essential extension in 〈Er〉 and that Er is a projective
object of 〈Er〉 [20, Chapter 6, Lemma 6.5.6]. The first assertion follows from Lemma 3.8. We
will show that Er is projective in 〈Er〉. Since Er → OX is an essential extension, it suffices to
show that the equality
dimHomOX (Er, Er) = r × dimEnd(OX ) = r
holds [20, Chapter 6, Lemma 6.5.8]. This follows from Theorem 3.1(3), (4) and (5).
(2) From the definition of Pm, the first two assertion follows. We will show that Pm is a
projective generator of 〈Pm〉. First note that any objects in 〈Pm〉 is a direct sum of m-torsion
line bundles. Therefore, for any E ∈ Ob(〈Pm〉), we have
dimkHomOX (Pm, E) = rkE . (3.2)
Take any exact sequence in 〈Pm〉,
0→ E ′ → E
f
→ E ′′ → 0.
Since HomOX (Pm, ) is left exact, we have
dimkIm(HomOX (Pm, f)) = dimkHomOX (Pm, E)− dimkHomOX (Pm, E
′)
(3.2)
= rkE − rkE ′ = rkE ′′
(3.2)
= dimkHomOX (Pm, E
′′),
which tells us the left exact functor HomX(Pm, ) is indeed an exact functor of 〈Pm〉. There-
fore, Pm is a projective object in 〈Pm〉. Next, we show that Pm is a generator of 〈Pm〉.
Since we have already proved that Pm is projective in 〈Pm〉, it suffices to show that, for any
0 6= E ∈ Ob(〈Pm〉), we have HomX(Pm, E) 6= 0. It follows from the equality (3.2).
(3) For each r,m, n > 0, we have Er ⊗ Pm ⊂ Er+1 ⊗ Pmn, which implies that〈Er ⊗ Pm〉 ⊂
〈Er+1 ⊗ Pmn〉. Lemma 3.7 implies that Ob(C
EN (X)) =
⋃
Ob(〈Er ⊗ Pm〉). The last assertion
follows from Lemma 3.8 combined with the equality dimHomOX (Er ⊗ L, Er ⊗ L) = r for any
torsion line bundle L.
Now we obtain the following:
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Theorem 3.10. There is an isomorphism of affine k-group schemes
πEN1 (X,x) ≃ π
N
1 (X,x)× π
uni
1 (X,x).
proof 1. We calculate a Tannakian fundamental group by using the notion of projective gen-
erators [5, Section 6.1]. By Lemma 3.9(1),(2), we have
πuni1 (X,x) = lim←−
r
Spec(End(Er)
∨),
πN1 (X,x) = lim←−
m
Spec(End(Pm)
∨).
Combined with Lemma 3.9(3), we have
πEN1 (X,x) = lim←−
r,m
Spec(End(Er ⊗ Pm)
∨) = lim
←−
r,m
Spec(End(Pm)
∨ ⊗ End(Er)
∨)
= lim←−
r,m
(Spec(End(Pm)
∨)× Spec(End(Er)
∨))
= πN1 (X,x) × π
uni
1 (X,x),
where, for the second equality, we use Proposition 2.10(2).
proof 2. We prove the theorem by using the notion of tensor products of Tannakian cat-
egories [5, Chapter 5]. Let A,G be affine group schemes over k. The natural inclusions
Repk(A),Repk(G) ⊂ Repk(A × G) make Repk(A × G) the tensor product of Repk(A) and
Repk(G): Repk(A × G) = Repk(A) ⊗ Repk(G) [5, 5.18]. First we note that every object in
Repk(A ×G) can be embedded into an object of the form ⊕
m
i=1Vi ⊗ Ui, where Vi are objects
in Repk(A) and Ui are objects in Repk(G). Indeed, let W be an object in Repk(A × G).
We endows M
def
= W ⊗k k[A × G] with a comodule structure by ρM
def
= idW ⊗ ∆, where
∆ is the coproduct of k[A × G]. Then there is a non-canonical isomorphisim as comodules
M ≃ k[A×B]⊕n, where n = dimW . The equality ρM ◦ ρW = (id⊗∆) ◦ ρW = (ρW ⊗ id) ◦ ρW
implies that ρW : W → M is a comodule morphism. It is injective because (id ⊗ ǫ)ρW = id,
where ǫ : k[A×G]→ k is a counit. Therefore, we find that there is an injective comudule mor-
phism W → k[A×G]⊕n = (k[A]⊗ k[G])⊕n [21, Section 3.5 Lemma]. Since any comodule can
be written as a directed union of finite-dimensional subcomodules [21, Section 3.3 Theorem],
there are finite-dimensional subrepresentations Vi(i = 1, . . . ,m) of k[A] and Ui(i = 1, . . . ,m)
of k[G], respectively such that W ⊂ ⊕mi=1Vi ⊗ Ui ⊂ (k[A] ⊗ k[G])
⊕n.
Now we apply this remark to our setting A
def
= πN1 (X,x), G
def
= πuni1 (X,x). The natural in-
clusions CN (X), Cuni(X) ⊂ CEN (X) induce a tensor functor Φ : Repk(π
N
1 (X,x)×π
uni
1 (X,x)) =
CN (X)⊗Cuni(X)→ CEN(X). Then every object in CN (X)⊗Cuni(X) can be embedded into an
object of the form ⊕ni=1Li⊗Ei, where Li are objects in C
N (X) and Ei are objects in C
uni(X).
Thus Proposition 2.10(2) implies that Φ is fully faithful (cf.Proposition A.1). On the other
hand, Lemma 3.7(3) implies that Φ is essentially surjective. Hence Φ is an equivalence.
Therefore, we have πEN1 (X,x) ≃ π
N
1 (X,x) × π
uni
1 (X,x).
4. SEMIFINITE BUNDLES ON AN ARBITRARY VARIETY
In this section, we always assume that k is of characteristic 0 and that X ∈ Ob(Vark) with
X(k) 6= ∅. Fix a rational point x ∈ X(k). If X ∈ Ob(Cvk), we denote by gX , or simply g,
the genus of X.
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4.1 The difference between πN1 and π
EN
1
In this subsection, we describe the quotient category of CN (X) →֒ CEN (X) and give a proof
of Theorem 1.3. We adopt Esnault-Hai-Sun’s method [7, Chapter 3] (cf. Remark 1.4). We
denote by πE1 (X,x) the kernel of this projection p
N (Remark 2.17):
πE1 (X,x)
def
= Ker(pN ). (4.1)
If X is an elliptic curve, then we have already seen that πE1 (X,x) = π
uni
1 (X,x) (Theorem
3.10). But, in general case, it is larger than πuni1 (X,x). We have an exact sequence of group
schemes:
1→ πE1 (X,x)→ π
EN
1 (X,x)
pN
→ πN1 (X,x)→ 1. (4.2)
We describe the representation category Repk(π
E
1 (X,x)) in terms of vector bundles. We first
show an analogous lemma of [7, Proposition 3.4]:
Lemma 4.1. Let π : P → X be a finite e´tale torsor over X with H0(P,OP ) = k and let
E be a unipotent bundle on X. Then the natural functor π∗ induces a fully faithful functor
of Cuni(X) into Cuni(P ) and the essential image of π∗ is closed under taking subobjects in
Cuni(P ).
Proof. We will show that Res(π∗) : πuni1 (P, p)→ π
uni
1 (X,x) is a faithfully flat morphism. For
this, we need to recall the dual of πuni1 [17, Chapter IV]. Let RX be the ring of functions of
πuni1 (X,x), namely π
uni
1 (X,x) = SpecRX , and put AX
def
= R∨X = Homk(RX , k). Let mX be
the kernel of the natural projection AX = R
∨
X ։ k. Nori proved the following:
AX = lim←−
n
AX/m
n
X ; mX/m
2
X = H
1(X,OX )
∨.
Now we claim that the inducedH1(OX)→ H
1(OP ). Indeed, let E ∈ H
1(OX ) = Ext
1(OX ,OX).
Then we have:
HomOP (π
∗E ,O⊕2P ) ≃ HomOX (E , π∗OP )
⊕2
≃ HomOX (E ,OX )⊗HomOX (OX , π∗OP )
⊕2
≃ HomOX (E ,OX )⊗H
0(P,OP )
⊕2
≃ HomOX (E ,O
⊕2
X ),
where the second isomorphism comes from Proposition 2.10 (2) and the last one comes from
the assumption H0(P,OP ) = k. This implies that E is trivial if and only if π
∗E is trivial.
Thus the map H1(OX)→ H
1(OP ) is injective and the map mP/m
2
P → mX/m
2
X is surjective,
whence so is AP → AX [17, Chapter IV, Lemma 10]. Thus, the homomorphism RX → RP
must be injective, which implies that RP is faithfully flat over RX [21, Section 14.1].
Remark 4.2. Nori proved that if X ∈ Ob(Cvk) with g = dimH
1(OX ), then the dual AX is
isomorphic to k〈〈x1, . . . , xg〉〉.
Lemma 4.3. Let π : P → X be a finite e´tale torsor with H0(P,OP ) = k and let F be a
unipotent bundle on P . Then π∗F is a semifinite bundle on X.
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Proof. For the proof, we use induction on rkF . If rkF = 1, then F = OP . Thus π∗F = π∗OP
is a finite bundle. If rkF > 1, then there is an exact sequence
0→ F ′ → F → OP → 0.
Since π is a finite morphism, the sequence
0→ π∗F
′ → π∗F → π∗OP → 0 (4.3)
is also exact. By the induction hypothesis, π∗F
′ is semifinite and π∗OP is finite. Thus the
exactness of (4.3) implies that π∗F is also semifinite.
Let S be a finitely generated full tensor subcategory of CN (X). Then by Section 2.2, there
is a finite π(X,S, x)-torsor πS : (XS , xS) → (X,x). Recall that each XS is geometrically-
connected and, since now π(X,S, x) is e´tale, XS is geometrically-reduced. Now we construct
the quotient category of CN (X) →֒ CEN (X) in the similar way to [7, Definition 3.5]:
Definition 4.4. The category CE(X,x) has for objects pairs (XS , E) where S ⊂ C
N (X) is a
finitely generated full tensor subcategory, E ∈ Ob(Cuni(XS)), and for morphisms
Hom((XS , E), (XT ,F))
def
= lim−→
U⊃S∪T
HomOXU (π
∗
UTE , π
∗
USF)
where T ∪S is the full tensor subcategory of CN (X) generated by T and S. The composition
rule is defined as follows. For any φij ∈ Hom((XSi , Ei), (XSj , Ej)), (i, j) = (1, 2), (2, 3), we put
φ2,3 ◦ φ1,2
def
= π∗S1∪S2∪S3,S2∪S3φ23 ◦ π
∗
S1∪S2∪S3,S1∪S2φ12 ∈ Hom((XS1 , E1), (XS3 , E3)).
Proposition 4.5. The category CE(X,x) has a natural structure of a neutral Tannakian
category over k.
This proposition is a formal consequence of Proposition A.2 in Appendix. Here we only
provide a description of the additive and tensor structures and a neutral fiber functor. For
details, see Proposition A.2 in Appendix:
(additive structure) (XS , E)⊕ (XT ,F)
def
= (XS∪T , π
∗
S∪T,SE ⊕ π
∗
S∪T,TF);
(tensor structure) (XS , E)⊗ (XT ,F)
def
= (XS∪T , π
∗
S∪T,SE ⊗ π
∗
S∪T,TF);
(unit object) I
def
= (X,OX );
(neutral fiber functor) ωE : C
E(X,x)→ Veck; (XS , E) 7→ x
∗
SE .
For a finitely generated full tensor subcategory S ⊂ CEN (X), we put SN
def
= S ∩CN (X). This
is a finitely generated full tensor subcategory of CN (X). We define a functor q : CEN (X) →
CE(X,x) by
q(E)
def
= (X〈E〉N
⊗
, π∗
〈E〉N
⊗
E). (4.4)
Then q is a tensor functor compatible with the fiber functors ωx and ωE.
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Theorem 4.6. The category CE(X,x) with the functor q is the quotient category of CN (X) →֒
CEN (X) with respect to the neutral fiber functor ωx of C
N (X). The Tannakian fundamental
group of CE(X,x) with fiber funtcor ωE is isomorphic to π
E
1 (X,x) (4.1).
Let π1(C
E(X,x), ωE) be the Tannakian fundamental group of C
E(X,x) with respect to
the fiber functor ωE. The tensor functor q induces a morphism of affine group schemes
q∗ : π1(C
E(X,x), ωE) → π
EN
1 (X,x). If E is finite, then by definition of q (4.4), we find that
q(E) is trivial in CE(X,x) (cf. Section 2.2 (2.6)). This implies that q∗ factors through πE1 (X,x)
and we obtain the morphism of group schemes
π1(C
E(X,x), ωE)→ π
E
1 (X,x) (4.5)
such that the following diagram commutes:
0 −−−−→ π1(C
E(X,x), ωE)
q∗
−−−−→ πEN1 (X,x)
pN
−−−−→ πN1 (X,x) −−−−→ 0
(4.5)
y ∥∥∥ ∥∥∥
0 −−−−→ πE1 (X,x) −−−−→ π
EN
1 (X,x)
pN
−−−−→ πN1 (X,x) −−−−→ 0.
(4.6)
By definition of πE1 (X,x), the bottom row in (4.6) is exact. It suffices to show that the top row
in (4.6) is exact. We need the following criterion of the exactness of a sequence of Tannakian
fundamental groups [7, Appendix A, Theorem A.1]:
Lemma 4.7. Let L
q
→ G
p
→ A be a sequence of homomorphisms of affine group schemes over
a field k. It induces a sequence of functors Repk(A)
p∗
→ Repk(G)
q∗
→ Repk(L).
(i) The map p is faithfully flat if and only if p∗ is fully faithful and Repk(A) is closed under
taking subobjects in Repk(G).
(ii) The map q is a closed immersion if and only if any object of Repk(L) is isomorphic to
a subquotient of q∗(V ) for some V ∈ Repk(G).
(iii) Assume that q is a closed immersion and that p is faithfully flat. Then the sequence
L
q
→ G
p
→ A is exact if and only if the following conditions are fulfilled:
(a) For any object V ∈ Repk(G), q
∗(V ) is trivial in Repk(L) if and only if V ≃ p
∗(U) for
some U ∈ Repk(A).
(b) Let W0 be the maximal trivial subobject of q
∗(V ) in Repk(L). Then there exists
V0 ⊂ V in Repk(G), such that q
∗(V0) ≃W0.
(c) Any W in Repk(L) is a quotient of q
∗(V ) for some V ∈ Repk(G).
Proof of Theorem 4.6. (cf. [7, Theorem 3.8]) We have already seen that CN (X) is a full
subcategory of CEN (X) which is closed under taking subobjects (Remark 2.17). Thus by
Lemma 4.7(i), pN is faithfully flat. We show that q∗ is a closed immersion. Take any ob-
ject (XS , E) in C
E(X,x). By Lemma 4.3, πS∗E belongs to C
EN (X). In fact, more precisely,
πS∗E belongs to S (cf. Remark 2.15; See also Remark 4.8). We claim (XS , E) is a quo-
tient of q(πS∗E) = (XS , π
∗
SπS∗E). This follows from the surjectivity of the adjunction map
π∗SπS∗E ։ E , which is valid because πS is finite e´tale. Thus, by Lemma 4.7(ii), q
∗ is a closed
immersion.
Now we will show that the sequence π1(C
E(X,x), ωE)
q∗
→ πEN1 (X,x)
pN
→ πN1 (X,x) is exact.
We have to prove that it satisfies the conditions (a), (b) and (c) in Lemma 4.7(iii). We have
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already showed that the condition (c) is fulfilled and the equivalence (2.5) in Section 2.2
implies that the condition (a) is satisfied. It remains to be proven that the condition (b) is
fulfilled. Let E be an object in CEN (X). We put S
def
= 〈E〉N⊗ ⊂ C
N (X). Let F0 be the maximal
trivial subobject of π∗SE in C
uni(XS). Let r
def
= rkF0. Note that r = dimH
0(XS , π
∗
SE). The
projection formula implies that
H0(XS , π
∗
SE) = HomOXS (OXS , π
∗
SE) = HomOX (OX , πS∗π
∗
SE)
= HomOX (OX , πS∗(OXS ⊗ π
∗
SE)) ≃ HomOX (OX , (πS∗OXS )⊗ E)
≃ HomOX ((πS∗OXS )
∨, E) = ⊕ri=1k.φi,
where {φi} is a basis of HomOX ((πS∗OXS )
∨, E). Let E0 be the image of the morphism ⊕
r
i=1φi :
⊕ri=1(πS∗OXS )
∨ → E . Since (πS∗OXS )
∨ is finite, E0 is a finite bundle in 〈E〉⊗ ∩ C
N (X) = S
and π∗SE0 is trivial. We must show that π
∗
SE0 ≃ F0. It suffices to prove that rkπ
∗
SE0 = r.
Again, by the projection formula, we have
k⊕r = H0(XS , π
∗
SE) = HomOX ((πS∗OXS )
∨, E) = HomOX ((πS∗OXS )
∨, E0)
= HomOX (OX , πS∗OXS ⊗ E0) ≃ HomOX (OX , πS∗(OXS ⊗ π
∗
SE0))
≃ HomOXS (OXS , π
∗
SE0) ≃ H
0(XS , π
∗
SE0).
Therefore, we have rkπ∗SE0 = r, which completes the proof.
Remark 4.8. The same proof of Theorem 4.6 implies the following. Namely, for any finitely
generated tensor subcategory S ⊂ CN (X), the sequence of functors
S →֒ S
pi∗S−→ Cuni(XS)
induces the following exact sequence:
1→ πuni1 (XS , xS)→ π(X,S, x)→ π(X,S, x)→ 1.
Here, π(X,S, x) is the quotient of πEN1 (X,x) corresponding to the subcategory S ⊂ C
EN(X) (Re-
mark 2.15).
Corollary 4.9. Let Λ = (XS , xS) be the pro-system of finite torsors over X associated with
x. Then for each S, there exists a faithfully flat morphism uS : π
E
1 (X,x) → π
uni
1 (XS , xS). If
S = 〈OX〉, we simply write u for u〈OX〉. Furthermore, there exists an isomorphism of group
schemes
πE1 (X,x) ≃ lim←−
Λ
πuni1 (XS , xS).
Proof. It follows from Theorem 4.6, combined with Lemma 4.1 (cf. Proposition A.2 (4)):
Remark 4.10. (i) Let k be an algebraically closed field of characteristic 0 and X an elliptic
curve over k. In this case, Theorem 3.10 and Corollary 4.9 imply that each multiplication
map n : X → X induces an equivalence of categories of Cuni(X) into itself. This fact have
been already remarked by Atiyah [2, Some Aplications, Theorem 15(i)].
(ii) If X ∈ Ob(Cvk) with X smooth and g ≥ 2, then π
E
1 (X,x) is strictly larger than
πuni1 (X,x), namely the projection u : π
E
1 (X,x) ։ π
uni
1 (X,x) cannot be an isomorphism
(cf.Corollary 4.9) because the Riemann-Hurwitz formula implies that gXS > gX for S 6=
〈OX〉 (Remark 4.2). Furthermore, the extension (4.2) is non-trivial, i.e., π
EN
1 (X,x) 6≃
πN1 (X,x) × π
E
1 (X,x) because the unipotent part of C
EN (X) is exactly Cuni(X).
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4.2 Action of πN1 on C
E
In this subsection, we give a proof of Theorem 1.5. Here, we always assume that k is an
algebraically closed field of characteristic 0. We first recall Hochschild and Mostow’s theorem
for pro-algebraic groups [10, Theorem 3.2 and Theorem 3.3]:
Theorem 4.11. (Hochschild and Mostow) Take an exact sequence of affine group schemes
over an algebraically closed field of characteristic 0
0→ U → G→ R→ 0
with U unipotent and R reductive. Then the projection G → R always has a section, up to
unique conjugation by an element of U .
By applying this theorem to our setting (4.2), we have:
πEN1 (X,x) ≃ π
N
1 (X,x) ⋉ π
E
1 (X,x).
The map πE1 (X,x)×π
EN
1 (X,x)→ π
E
1 (X,x); (n, g) 7→ g
−1ng defines an (infinite dimensional)
representation ρE : π
EN
1 (X,x) → Aut(k[π
E
1 (X,x)]). Fix a setion t of the projection p
N :
πEN1 (X,x) → π
N
1 (X,x). We denote by ρ
t
E the image of ρE by the induced tensor functor
t∗ : Ind(Repk(π
EN
1 (X,x))) → Ind(Repk(π
N
1 (X,x))), where Ind stands for the ind-category.
Note that for an k-affine group scheme G, Ind(Repk(G)) is equivalent to the category of (not
necessarily finite dimensional) left linear represenations of G over k.
Theorem 4.12. Under the above notation, if X ∈ Ob(Cvk) with X smooth and g ≥ 2, then
the representation
ρtE : π
N
1 (X,x)→ Aut(k[π
E
1 (X,x)]) (4.7)
is faithful.
Proof. We first reduce the theorem to the faithfulness of a sub-representation
ρS : π(X,S, x)→ Aut(k[π
uni
1 (XS , xS)]) (4.8)
for each finitely generated full tensor category S ⊂ CN (X). Indeed, by Remark 4.8, we have
the following commutative diagram of exact sequences
0 −−−−→ πE1 (X,x)
q∗
−−−−→ πEN1 (X,x)
pN
−−−−→ πN1 (X,x) −−−−→ 0
uS
y gSy rSy
0 −−−−→ πuni1 (XS , xS) −−−−→ π(X,S, x)
pS−−−−→ π(X,S, x) −−−−→ 0.
(4.9)
Note that all the vertical arrows in (4.9) are faithfully flat morphisms. We show that t ◦ gS
factors through π(X,S, x). Put NS
def
= Ker(rS). Fix a section t
′ of pS. Since gS is surjective,
gS ◦ t(π
N
1 (X,x)) is a reductive subgroup of π(X,S, x) (cf. [10, Section 3]). Thus, by [10,
Theorem 3.3], there exists an element u ∈ πuni1 (XS , xS) such that u(gS ◦ t(π
N
1 (X,x)))u
−1 ⊂
t′(π(X,S, x)), which implies that gS ◦ t(NS) = 1. Thus, there exists a unique section tS of pS
such that gS ◦ t = tS ◦ rS. Denote by ρS a representation π(X,S, x) → Aut(k[π
uni
1 (XS , xS)])
induced by tS . We find that the representation ρ
t
E is an inductive limit of ρS where S runs
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over all finitely generated full tensor categories of CN (X). Therefore, it suffices to show
that each ρS is a faithful representation. Let S ⊂ C
N (X) be a finitely generated full tensor
subcategory. We will show that the representation ρS : π(X,S, x) → Aut(k[π
uni
1 (XS , xS)]) is
faithful. Assume that ρS is not faithful. Then there exists a full tensor subcategory T ( S so
that π(X,T, x) ≃ π(X,S, x)/Ker(ρS). Then πST : XS → XT is a torsor with finite structure
group GST = Ker(π(X,S, x) ։ π(X,T, x)). Put E
def
= πST ∗OXS , which is a finite bundle on
XT . We have GST = π(XT , 〈E〉, xT ). We have the following exact sequence
1→ πuni1 (XS , xS)→ π(XT , 〈E〉, xT )→ π(XT , 〈E〉, xT )→ 1. (4.10)
Since π(XT , 〈E〉, xT ) = Ker(ρS), the extension (4.10) is trivial and
π(XT , 〈E〉, xT ) = π(XT , 〈E〉, xT )× π
uni
1 (XS , xS).
By taking the maximal unipotent quotient of both sides, we find that there is an equivalence
of categories Cuni(XT ) ≃ C
uni(XS). However, since T ( S, the degree of πST : XS → XT
is strictly larger than one and the genus of XS is different from the one of XT , which is a
contradiction (Remark 4.2 and Remark 4.10(ii)). Therefore, the kernel of ρS is trivial. This
completes the proof.
5. BASIC PROPERTIES of πEN1
5.1 The base change property and the Ku¨nneth formula
In this subsection, we see that πEN1 satisfies the base-change property for algebraic extensions
of a base field and the Ku¨nneth formula. Let k be a field of characteristic 0 and fix an algebraic
closure k of k. Let X ∈ Ob(Vark) and put Xk
def
= X ×k k and x
def
= x ×k k. We denote by p
the natural projection Xk → X. We first show that π
E
1 has a base change property:
Lemma 5.1. There exists an isomorphism of group schemes πE1 (Xk, x)
≃
→ πE1 (X,x) ×k k.
Proof. Let Λ = (XS , xS)S be the pro-system of finite torsors over X associated with the fiber
functor ωx : C
N (X)→ Veck. By the base change property of π
N
1 [17, Chapter II, Proposition
5], we find that Λk = ((XS)k, xS) is the pro-system of e´tale torsors over Xk associated with
ωx : CN (Xk)→ Veck. Therefore, we have
πE1 (Xk, k) = lim←−
Λ
k
πuni1 ((XS)k, xS) ≃ lim←−
Λ
πuni1 (XS , xS)×k k = π
E
1 (X,x)×k k,
where for the second isomorphism, we use the base change property of πuni1 [17, Chapter IV,
Proposition 9].
Proposition 5.2. There exists an isomorphism of group schemes πEN1 (Xk, x)
≃
→ πEN1 (X,x)×k
k.
Proof. We define the category D as the full subcategory of CEN (Xk) consisting of objects
of CEN (Xk) which can be embedded into p
∗E for some E ∈ Ob(CEN (X)). Then D is a sub
Tannakian category of CEN (Xk) which is closed under taking subobjects and its Tannakian
fundamental group is isomorphic to πEN1 (X,x)×k k [15, Proof of Proposition 3.1]. We prove
20
this. For ease of natation, we put G
def
= πEN1 (X,x) and G
′ def= G×k k. Let P → X be the G-
torsor associated with the inverse functor F of CEN(X)
≃
→ Repk(G)(cf.Section 2.2). Then the
base change Pk → Xk is a G
′-torsor on Xk. We define a funcor F
′ : Repk(G
′)→ Qcoh(Xk) by
putting F ′(V )
def
= OP
k
⊗k V/G
′. If V ∈ Ob(Repk(G
′)) is defined over k, namely V =W ⊗k k
for some W ∈ Ob(Repk(G)), then we have
HomRep
k
(G′)(1, V ) = V
G′ =WG ⊗k k
= HomRepk(G)(1,W )⊗ k ≃ HomOX (OX , F (W ))⊗ k
= HomOX
k
(OX
k
, F (W )⊗ k) = HomOX
k
(OX
k
, F ′(V )).
However, every object V ∈ Ob(Repk(G
′)) can be embedded into an object of the form W ⊗ k
for some W ∈ Ob(Repk(G)). Therefore, by Proposition A.1, we find that F
′ is fully faithful.
The equality F (W ) ⊗ k = F (W ⊗ k) for W ∈ Ob(Repk(G)) implies that the essential image
of F ′ is D. Therefore we have D ≃ Repk(G
′).
Hence, we obtain a faithfully flat morphism πEN1 (Xk, k)→ π
EN
1 (X,x)×k k. However, this
projection can be inserted in the following commutative diagram of exact sequences
0 −−−−→ πE1 (Xk, x) −−−−→ π
EN
1 (Xk, x) −−−−→ π
N
1 (Xk, x) −−−−→ 0
≃
y y ≃y
0 −−−−→ πE1 (X,x) ×k k −−−−→ π
EN
1 (X,x) ×k k −−−−→ π
N
1 (X,x) ×k k −−−−→ 0.
The left vertical arrow is isomorphic by Lemma 5.1 and the right vertical arrow is isomorphic
by the base change property of πN1 [17, Chapetr II, Proposition 5]. Thus so is the middle one,
which completes the proof.
Next, we will show the Ku¨nneth formula for πEN1 . We need again the one for π
E
1 :
Lemma 5.3. Let X,Y ∈ Ob(Vark) with x ∈ X(k), y ∈ Y (k). Then there exists an isomor-
phism of group schemes πE1 (X × Y, (x, y))
≃
→ πE1 (X,x) × π
E
1 (Y, y).
Proof. Let ΛX = (XS , xS),ΛY = (YT , yT ) be the pro-systems of e´tale torsors associated with
the fiber functors ωx : C
N (X) → Veck and ωy : C
N (Y ) → Veck, respectively. The Ku¨nneth
formula for πN1 (cf. Remark 5.4) implies that Λ
def
= (XS × YT , (xS , yT )) is the pro-system
associated with ω(x,y) : C
N (X × Y )→ Veck. Thus we have
πE1 (X × Y, (x, y)) = Spec lim−→
S,T
k[πuni1 (XS × YT , (xS , yT ))]
= Spec lim
−→
S,T
k[πuni1 (XS , xS)]⊗ k[π
uni
1 (YT , yT )]
= Spec(lim−→
S
k[πuni1 (XS , xS)])⊗ (lim−→
T
k[πuni1 (YT , yT )])
= πE1 (X,x) × π
E
1 (Y, y),
where the second equality follows from the Ku¨nneth formula for πuni1 [17, Chapter IV, Lemma
8]. This finishes the proof.
21
Remark 5.4. From the base change property of πN1 [17, Chapter II, Proposition 5], in the
characteristic 0 case, the Ku¨nneth formula for πN1 is a consequence of the one for the e´tale
fundamental group π1, which is due to Grothendieck [8].
Proposition 5.5. Let X,Y ∈ Ob(Vark) with x ∈ X(k), y ∈ Y (k). Then there exists an
isomorphism of group schemes πEN1 (X × Y, (x, y))
≃
→ πEN1 (X,x) × π
EN
1 (Y, y).
Proof. Let pr1 : X×Y → X,pr2 : X×Y → Y . These maps induce a faithfully flat morphism
πEN1 (X×Y, (x, y))→ π
EN
1 (X,x)×π
EN
1 (Y, y). This morphism can be inserted in the following
commutative diagram:
0 // piE1 (X × Y, (x, y)) //
≃

piEN1 (X × Y, (x, y)) //

piN1 (X × Y, (x, y)) //
≃

0
0 // piE1 (X,x)× pi
E
1 (Y, y) // pi
EN
1 (X,x)× pi
EN
1 (Y, y) // pi
N
1 (X,x)× pi
N
1 (Y, y) // 0,
where the left and right vertical arrows are isomorphic by Lemma 5.3 and the Ku¨nneth
formula for πN1 (Remark 5.4), respectively. Therefore the middle one is also isomorphic,
which completes the proof.
5.2 On the homotopy sequence for πEN1
In this subsection, we discuss on the homotopy sequence for πEN1 . Let k be a field of charac-
teristic 0 and let X,S ∈ Ob(Vark) together with rational points x ∈ X(k) and s ∈ S(k). Let
f : X → S be a separable (proper) morphism of X to S with geometrically connected fibers
and with f(x) = s. Consider the following diagram:
Xs

t
//
g

X
f

Speck
s
// S.
This induces the following complex of affine group schemes
πEN1 (Xs, x)
t∗→ πEN1 (X,x)
f∗
→ πEN1 (S, s)→ 1. (5.1)
We first show that the sequence (5.1) is exact at πEN1 (S, s):
Lemma 5.6. Under the above notation, the homomorphism f∗ : π
EN
1 (X,x) → π
EN
1 (S, s) is
a faithfully flat morphism.
Proof. From the base change property for πEN1 (Proposition 5.2), we may assume that k is
an algebraically closed field. Since f∗OX = OS , the projection formula implies the functor
f∗ : CEN (S) → CEN (X) is fully faithful. It remains to be proven that the essential image of
f∗ is closed under taking subobjects in CEN(X). Take any object E ∈ Ob(CEN (S)) and any
subbundle E ′ ⊂ f∗E in CEN (X). We must show that there exists a semifinite bundle F on S
such that E ′ ≃ f∗F . Then the same argument in the proof of [11, Lemma 8.1 (b)] implies that
f∗E
′ is locally free on S and E ′ ≃ f∗f∗E
′. Therefore, it suffices to show that f∗E
′ is semifinite.
If E ′ is finite, then so is f∗E
′ [22], so we may assume that E ′ is not finite. Then there exists a
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nonzero finite subbundle E ′′ ⊂ E ′ such that rkE ′′ < rkE ′. Then the quotient E ′′′
def
= E ′/E ′′ also
satisfies these properties, i.e., f∗E
′′′ is locally free and f∗f∗E
′′′ ≃ E ′′′. Therefore, by induction,
f∗E
′′′ is semifinite on S. Furthermore, the sequence
0→ f∗E
′′ → f∗E
′ → f∗E
′′′ → 0
is exact because of the left exactness of f∗ and the equality: rkf∗E
′′′ = rkf∗E
′ − rkf∗E
′′. This
implies that f∗E
′ is also semifinite. This finishes the proof.
Therefore, the exactness of the sequence (5.1) is equivalent to the exactness at πEN1 (X,x).
Now we seek to say further this condition in terms of vector bundles as [22, Theorem 3.1]. For
this, we need the universality of πEN1 . The following lemma is inspired by the related work
due to Borne-Vistoli (cf. Remark 1.6):
Lemma 5.7. (cf. Remark 2.6) Let (XENx , x
EN ) be the universal πEN1 (X,x)-torsor with:
F (XENx ) : Repk(π
EN
1 (X,x))
ω−1x
≃ CEN (X) ⊂ Qcoh(X).
Then for any locally unipotent algebraic affine group scheme G over k, the natural map
Hom(πEN1 (X,x), G) → Tors((X,x), G); φ 7→ (X
EN
x ×G)/π
EN
1 (X,x)
is bijective. Here Tors((X,x), G) stands for the set of isomorphism classes of G-torsors P → X
together with a rational point p above x.
Here an affine algebraic group G is said to be locally unipotent if the connected component
G0 of the identity element of G is unipotent.
Proof. There exists a bijection between the set Tors((X,x), G) and the set of k-linear exact ⊗-
functors F of Repk(G) into Qcoh(X) with x
∗◦F the forgetful functor [16, Proposition 2.9] [17,
Chapter 1, Proposition 2.9]. Thus it suffices to show that for any k-linear exact ⊗-functor
F : Repk(G)→ Qcoh(X) factors through the inclusion C
EN(X) →֒ Qcoh(X). If G0 = 1, then
G is finite, whence F (Repk(G)) ⊂ C
N (X) ⊂ CEN (X) ( [16, Proposition 3.8] [17, Chapter I,
Proposition 3.8]). Therefore, we may assume that G0 6= 1. Let 0 6= V ∈ Ob(Repk(G)). Then
since G0 is unipotent, V G
0
6= 0. Since F is exact, we have the following exact sequence in
Qcoh(X):
0→ F (V G
0
)→ F (V )→ F (V/V G
0
)→ 0.
Since V G
0
comes from the representation of the finite group scheme G/G0, F (V G
0
) is a finite
bundle on X. On the other hand, from the induction hypothesis, F (V/V G
0
) is a semifinite
bundle on X. Therefore, the middle one F (V ) is also semifinite. This completes the proof.
From the universality of πEN1 , together with the Tannakian interpretation, we obtain the
analogous criterion for the exactness of the homotopy sequence (5.1) as [22, Theorem 3.1].
Before stating it, we recall the notion of saturated torsors [22, Definition 1]: Let G be a locally
unipotent algebraic group over k. Then a G-tosror (P, p) → (X,x) is said to be saturated if
the corresponding homomorphim πEN1 (X,x)→ G (Lemma 5.7) is surjective.
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Theorem 5.8. (cf. [22, Theorem 3.1]) The homotopy sequence (5.1) is exact if the following
condition is satisfied: For any saturated locally unipotent G-torsor π : (P, p) → (X,x) with
π∗OP = lim−→α Eα where Eα ∈ C
EN (X), we have
(a) the natural maps s∗f∗Eα → g∗t
∗Eα are isomorphisms, and
(b) the push-forward f∗Eα is a semifinite bundle on S for any α.
Proof. We adopt the proof of [22, Theorem 3.1]. We first show that for each saturated G-
torsor π : (P, p) → (X,x), there exists a saturated G′-torsor π′ : (P ′, p′) → (S, s) together
with a map θ : (G,P, p) → f∗(G′, P ′, p′) with (π′∗O
′
P )s
≃
→ (f∗π∗OP )s. Indeed, from the
condition (a), for each α, the adjunction map f∗f∗Eα → Eα is injective ( [22, Theorem 3.1]).
Thus, so is f∗f∗π∗OP → π∗OP . Let G
′ be the quotient of πEN1 (S, s) corresponding to the
Tannakian subcategory 〈f∗Eα |α〉⊗ ⊂ C
EN (S). Then the fully faithfulness of f implies that
〈f∗Eα |α〉⊗
≃
→ 〈f∗f∗Eα |α〉⊗, so G
′ appears as a quotient of G. Let H
def
= Ker(G ։ G′) and
let M ⊂ k[G] = (k[G], ρreg) be the subrepresentation corresponding to f
∗f∗π∗OP ⊂ π∗OP .
Since M comes from an object in Ind(Repk(G
′)), the inclusion M →֒ k[G] factors through
k[G]H →֒ k[G], i.e., M ⊆ k[G]H ⊂ k[G]. From the universality of πEN1 (S, s) (Lemma 5.7), the
surjective map πEN1 (S, s)։ G
′ corresponds to some saturated G′-torsor π′ : (P ′, p′)→ (S, s)
and we have a morphism of torsors, θ : (P,G, p) → f∗(P ′, G′, p′). Since k[G′] = k[G]H , the
morphism P → f∗P ′ = P/H is faithfully flat. Therefore, we obtain an inclusion f∗π′∗OP ′ ⊂
π∗OP , which factors through f
∗f∗π∗OP ⊂ π∗OP , whence f
∗π′∗OP ′ ⊂ f
∗f∗π∗OP . This implies
that k[G]H ⊆M , whence M = k[G]H = k[G′]. This implies that (π′∗OP ′)s ≃ (f∗π∗OP )s.
Finally we will show that the exactness of the sequence (5.1). It suffices to show the
exactness at πEN1 (X,x). Let π
EN
1 (X,x) ։ G be any quotient algebraic group. Let π :
(P,G, p) → (X,x) be the corresponding saturated torsor. Then from the above discussion,
there exists a saturated torsor π′ : (P ′, G′, p′) → (S, s) together with a map θ : (P,G, p) →
f∗(P ′, G′, p′) inducing an isomorphism (π′∗OP ′)s ≃ (f∗π∗OP )s. Let
• H
def
= Ker(G։ G′);
• N
def
= Im(πEN1 (Xs, x)→ π
EN
1 (X,x)։ G)
• N ′
def
= Im(Ker(f∗)→ π
EN
1 (X,x)։ G).
Note that N ⊆ N ′ ⊆ H(⊆ G). We will show that H = N = N ′. First, notice that the
map θ|Xs : f
∗f∗π∗OP |Xs →֒ OP |Xs corresponds to the homomorphism of the representations
k[G]H →֒ k[G] in Ind(Repk(π
EN
1 (Xs, x))). However, from the base properties of π∗OP , we
have f∗f∗π∗OP |Xs ≃ OXs⊗H
0(Xs, π∗OP |Xs), so the subrepresentation k[G]
H is the maximal
trivial subrepresentation of k[G] in the category Ind(Repk(π
EN
1 (Xs, x))), whence the equality
k[G]H = k[G]N . This imples that H = N , whence N = N ′ = H. This completes the
proof.
Now as an application, we prove that the homotopy sequence (5.1) is exact for a projective
Du Bois family over a smooth projective curve f : X → S. Here a projective flat family
f : X → S over a proper scheme S is said to be Du Bois if for each closed point s′ → S, the
fiber f−1(s′) = Xs′ is Du Bois in the sense of [19, Definition 3.2].
Corollary 5.9. Assume that f : X → S is a projective Du Bois family with f(x) = s. Then:
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(1) The sequence (5.1) is exact if any saturated locally unipotent G-torsor π : (P, p) →
(X,x) with π∗OP = lim−→α Eα satisfies the condition (b) in Theorem 5.8.
(2) If S is a projective smooth curve over k, then the sequence (5.1) is exact.
Lemma 5.10. Assume that f : X → S is a projective Du Bois family with f(x) = s.
(1) For any finite bundle E on X, the sheaf Rif∗E is locally free and the natural map
s∗Rif∗E → H
i(Xs, E|Xs) is an isomorphism for any i ≥ 0.
(2) Assume that k is an algebraically closed field and that S is a projective smooth curve
over k. Then for any simple finite bundle E on X, the dual sheaf (R1f∗E)
∨ is nef.
Proof. (1) Since chark = 0, the category CN (X) is semi-simple (Remark 2.7), so we may
assume that E = π∗OP for some saturated finite torsor π : P → X. By [9, Theorem 12.11],
it suffices to show that for any i ≥ 0, the sheaf Rif∗(π∗OP ) = R
i(f ◦ π)∗OP is locally free.
However, since f is Du Bois and π is e´tale, f ◦ π also defines a Du Bois family over S.
Therefore, by [6, Theorem 4.6], the sheaves Ri(f ◦ π)∗OP are locally free.
(2) By the Lefschetz principle, we may assume that k = C. Since any quotient of a nef
bundle is again nef, so it suffices to show that for any saturated finite torsor π : (P, p)→ (X,x),
(R1f∗(π∗OP ))
∨ = (R1(f ◦ π)∗OP )
∨ is nef. It follows from [18].
Proof of Corollary 5.9. (1) From Proposition 5.2, we may assume that k is an algebraically
closed field. By Theorem 5.8, it suffices to show that the condition (a) is satisfied. We will
show that for any semifinite bundle E onX, the natural map s∗f∗E → g∗t
∗E is an isomorphism.
Note that since the homotopy sequence for πN1 is exact, it is true for any finite bundle on
X [22]. Thus we may assume that E ∈ CEN (X)\CN (X). Then there exists a finite subbundle
E ′ ⊂ E such that rkE ′ < rkE . We put E ′′
def
= E/E ′. Thus we are reduced to prove that the
natural base-change map s∗R1f∗E
′ → H1(Xs, E
′|Xs) is an isomorphism. Since E
′ is finite, this
follows from Lemma 5.10 (1).
(2) From Proposition 5.2, we may assume that k is an algebraically closed field. From the
previous result and Theorem 5.8, it suffices to show that for any semifinite bundle E on X, the
push-forward sheaf f∗E is again semifinite. This is true for any finite bundle E on X [22], so
we may assume that E ∈ CEN (X) \ CN (X). Then again there exists a simple finite subbundle
E ′ ⊂ E with rkE ′ < rkE . Put E ′′
def
= E/E ′. By induction hypothesis, we may assume that f∗E
′′
is semifinite. Consider the following exact sequence
0→ f∗E
′ → f∗E → f∗E
′′ α→ R1f∗E
′.
Since Kerα ⊂ f∗E
′′ and f∗E
′′ is locally free, the sheaf Kerα is torsion-free. Hence Kerα is lo-
cally free because S is a smooth curve. Similarly for Imα. The local-freeness of f∗E
′′/Kerα ≃
Imα implies that Kerα is a subbundle of f∗E
′′. Note that Imα is not necessarily a sub-
bundle of R1f∗E
′, but there exists a subbundle Imα of R1f∗E
′ containing Imα such that
deg(Imα) = deg(Imα) and rk(Imα) = rk(Imα). The semistability of f∗E
′′ implies that
µ(Kerα) ≤ µ(f∗E
′′) = 0. On the other hand,
0 ≥ deg(Kerα) = deg(f∗E
′′)− deg(Imα) = −deg(Imα)
= deg((Imα)∨) ≥ rk(Imα) · µmin((R
1f∗E
′)∨) ≥ 0,
where for the last inequality, we use Lemma 5.10 (2). Therefore, we have µ(Kerα) = 0,
so again by the semistability of f∗E
′′, we find that Kerα is semistable of degree 0. However,
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since the category CEN (S) is closed under taking subobjects in S(S), Kerα belongs to CEN(S).
Therefore, the exactness of the sequence
0→ f∗E
′ → f∗E → Kerα→ 0
implies that the sheaf f∗E is semifinite. This completes the proof.
The same argument as above implies:
Corollary 5.11. Assume that f : X → S is a projective Du Bois family over a smooth
projective curve S with f(x) = s. Then the following sequence is exact:
πuni1 (Xs, x)
t∗→ πuni1 (X,x)
f∗
→ πuni1 (S, s)→ 1.
A. APPENDIX
In this section, we prove some basic facts on tensor categories which are used in this paper.
We first show the following:
Proposition A.1. Let C be a k-linear abelian rigid tensor category and let D be a k-linear
abelian tensor category. Let F : C → D be an exact tensor functor. Assume that there exists
a family A ⊂ Ob(C) satisfying the following conditions:
(a) The unit object I belongs to A.
(b) For any V,W ∈ A, the map F : HomC(V,W )→ HomD(F (V ), F (W )) is bijective.
(c) For any V ∈ Ob(C), there exists an W ∈ A such that V ⊂W .
Then the functor F is fully faithful.
Proof. Since C is rigid, it suffices to show that for any object V ∈ Ob(C), the map F :
HomC(I, V )→ HomD(I, F (V )) is bijective. By assumption (c), there exists an exact sequence
in C
0→ V →W → U
with W,U ∈ A. Hence, we obtain the following commutative diagram of exact sequences in
Veck
0 −−−−→ HomC(I, V ) −−−−→ HomC(I,W ) −−−−→ HomC(I, U)y ≃y ≃y
0 −−−−→ HomD(I, F (V )) −−−−→ HomD(I, F (W )) −−−−→ HomD(I, F (U))
where the second and third vertical arrows are bijective from the assumption (a), (b). Thus
so is the first one.
Next we prove the following proposition, which is used to prove Proposition 4.5:
Proposition A.2. Let I be a filtered category with initial object 0, and {(Ci, ωi), πij}i∈I
be an inductive-system of neutral Tannakian categories over k together with fibre functors
ωi : Ci → Veck, where πij : Ci → Cj(i ≤ j) are k-linear exact tensor functors with ωj ◦πij = ωi.
We define a category C as follows. Objects are all pairs (i, V ) where i ∈ I and V ∈ Ob(Ci).
For each objects (i, V ), (j,W ), the set of morphisms is defined by
Hom((i, V ), (j,W ))
def
= lim
−→
k≥i,j
HomCk(πikV, πjkW ).
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The composition rules are defined as follows. Take any φpq = [fpq] ∈ Hom((p, Vp), (q, Vq)),(p, q) =
(i, j), (j, k). Here we fix fij ∈ HomCl(πilVi, πjlVj) and fjk ∈ HomCm(πjmVj , πkmVk), l ≥
i, j;m ≥ j, k. We put
φjk ◦ φij
def
= [πmnfjk ◦ πlnfij] ∈ Hom((i, Vi), (k, Vk)).
where n ≥ l,m. For each i ∈ I, we define a functor πi : Ci → C by putting πi(V )
def
= (i, V ).
Assume the following conditions:
(a)for each i ≤ j, the functor πij is fully faithful.
(b)for any finite set S ⊂ Ob(I), the subcategory I≥S
def
= {j ∈ I; j ≥ i(i ∈ S)} has an initial
object. We denote it by ∪S. Then the following holds:
(1) The category C can be uniquely endowed with a structure of k-linear abelian category
so that the functors πi(i ∈ I) are k-linear exact functors.
(2) The category C can be uniquely endowed with a structure of tensor category so that
the functors πi(i ∈ I) are tensor functors. Furthermore, under this tensor structure, the
category C is rigid.
(3) Under the above structure (1) and (2), there is a unique neutral fibre functor ω of C
such that ω ◦ πi = ωi for all i ∈ I.
(4) Assume that for each i ≤ j, πij : Ci →֒ Cj is closed under taking subobjects in Cj . Then
each πi induces a faithfully flat morphism π(C, ω)→ π(Ci, ωi) and there is an isomorphism of
k-affine group schemes
π(C, ω)
≃
→ lim
←−
i∈I
π(Ci, ωi),
where ω is a fiber functor of C in (3).
Proof. (1) We first show that C have a finite direct product. For any objects (i1, V1), (i2, V2) ∈
Ob(C), we put k
def
= i1 ∪ i2. We show that (k, πi2,kV1 ⊕ πi2,kV2) together with morphisms
[prq : πi1,kV1 ⊕ πi2,kV2 → πiq,kVq](q = 1, 2) is a direct product of these (iq, Vq)(q = 1, 2).
Indeed, take two morphisms gq = [fq] : (j,W ) → (iq, Vq) with fq ∈ HomCm(πjmW,πiq,mVq),
m ≥ i1, i2, j. Then there exist a unique morphism f : πjmW → πi1,mV1 ⊕ πi2,mV2 in Cm such
that prq◦f = fq(q = 1, 2). Fix an index n ≥ m,k. Then since πmn is fully faithful, g
def
= [πmnf ]
is a unique morphism of (j,W ) into (k, πi1,kV1 ⊕ πi2,kV2)) such that prq ◦ g = gq(q = 1, 2).
Therefore, the categroy C has a additive structure.
Next we show that C has kernels and cokernels such that, for any morphism f , the natural
map Coim(f) → Im(f) is isomorphism. It suffices to show that any morphism f : V → W in
Ci, πij(Ker(f)) = Ker(πijf) and πij(Coker(f)) = Coker(πijf) in Cj for any j ≥ i. It follows
from the exactness of πij .
Therefore, we have endowed the category C with a structure of a k-linear abelian category.
Under this structure, the functors πi are k-linear exact functors.
Finally we show the uniqueness. Assume that C has been endowed with a structure of
k-linear abelian category so that πi(i ∈ I) are k-linear exact functors. Take any two objects
(i1, V1), (i2, V2) ∈ Ob(C). By assumption, there is a direct product prq : (i1, V1) ⊕ (i2, V2)
def
=
(j,W ) → (iq, Vq)(q = 1, 2) of these. By definition, these projections are represented by
morphisms pq : πjmW → πiq ,mVq in Cm for some m ≥ j, i1, i2. Since the functor πm : Cm → C
is additive, we find that πjmW ≃ πi1,mV1⊕πi2,mV2 in Cm, which implies that (i1, V1)⊕ (i2, V2)
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is isomorphic to (m,πi1,mV1 ⊕ πi2,mV2) together with morphisms [prq : πi1,mV1 ⊕ πi2,mV2 →
πiq,mVq](q = 1, 2). Since m ≥ i1, i2 factor through i1 ∪ i2 =: k, we find that (i1, V1)⊕ (i2, V2)
is isomorphic to (k, πi1,kV1 ⊕ πi2,kV2) together with morphisms [prq : πi1,kV1 ⊕ πi2,kV2 →
πiq,kVq](q = 1, 2).Therefore, the additive structure of C is uniquely determined. The structure
of k-linear abelian category is uniquely determined by the condition that the functors πi are
k-linear exact functors.
(2)We define the functor ⊗ : C × C → C by putting:
(i, V )⊗ (j,W )
def
= (i ∪ j, πi,i∪jV ⊗ πj,i∪jW ).
We will show that it gives a tensor structure on C. For each i, we denote by φi the associativity
constraint V ⊗ (W ⊗ U) ≃ (V ⊗W )⊗ U for (Ci,⊗). We define an associativity constraint Φ
for (C,⊗) as follows. Let (ik, Vk) ∈ Ob(C)(k = 1, 2, 3). We put i12
def
= i1 ∪ i2 and so on. Now
we define an isomorphim
Φ123 :(i123, πi1,i123V1 ⊗ (πi2,i123V2 ⊗ πi3,i123V3)) = (i1, V1)⊗ ((i2, V2)⊗ (i3, V3))
→ ((i1, V1)⊗ (i2, V2))⊗ (i3, V3) = (i123, (πi1,i123V1 ⊗ πi2,i123V2)⊗ πi3,i123V3)
by putting Φ123
def
= [φi123 ]. We define Φ as the collection of Φ123. Since all (Ci,⊗, φi) satisfy
the pentagon axiom, so is (C,⊗,Φ). Similarly, the commutativity constraint Ψ for (C,⊗) can
be defined naturally and (C,⊗,Φ,Ψ) satisfies the hexagon axiom. Let (1, u) is a unit object
of C0 with u : 1
≃
→ 1⊗ 1. Then the isomorphim in C
[u] : (0, 1)→ (0, 1) ⊗ (0, 1) = (0, 1 ⊗ 1)
makes (0, 1) ∈ Ob(C) the unit object of (C,⊗). Therefore, the category C is a tensor category.
Under this tensor structure, the natural embedding πi : Ci → C is a tensor functor.
Furthermore, for each (i, V ) ∈ Ob(C), the object (i, V ∨) in C gives the dual object (i, V )∨.
Indeed, it follows the following remark. Let A,B be tensor categories and F : A → B be a
fully faithful tensor functor. Let X,Y ∈ Ob(A). Then Y = X∨ if and only if F (Y ) = F (X)∨.
Finally, we show the uniqueness. Assume that C has a structure of a tensor category so
that the functors πi : Ci → C are tensor functors. Then for each (i, V ), (j,W ) ∈ Ob(C), we
have
(i, V )⊗ (j,W ) = (i ∪ j, πi,i∪jV )⊗ (i ∪ j, πj,i∪jW ) = πi∪j(πi,i∪jV )⊗ πi∪j(πj,i∪jW )
= πi∪j(πi,i∪jV ⊗ πj,i∪jW ),
where the first equality is given by the canonical isomorphisms. Thus the tensor structure of
C is uniquely determined by πi and the tensor structure of Ci.
(3) We define a functor ω : C → Veck by putting ω(i, V )
def
= ωi(V ). It is well-defined since
ωj ◦ πij = ωi. Furthermore, it is a tensor functor. Note that a sequence
0→ (i, V )→ (j,W )→ (k, U)→ 0
is exact in C if and only if the sequence in Ci∪j∪k
0→ πi,i∪j∪kV → πk,i∪j∪kW → πk,i∪j∪kU → 0
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is exact in Ci∪j∪k. Thus the functor ω is exact. Since C is k-linear abelian rigid tensor category,
the faithfulness is also fulfilled [5, Corollary 2.10]. Thus it defines a fiber functor.
(4) For any i ∈ I, let Sij ⊂ Ci(j ∈ Ji) be an inductive system of full tensor subcategories
which are closed under taking subobjects in Ci so that Ci = ∪jSij. Let π(Ci, ωi) ։ π(Sij)
be the corresponding quotient. Then we have π(Ci, ωi) = lim←−j∈Ji
π(Sij). Now we have
C = ∪iπi(Ci) = ∪i ∪j πi(Sij). Since each πi(Sij) is closed under taking subobjects in C
by assumption, we have
π(C, ω) = lim←−
i∈I,j∈Ji
π(Sij) = lim←−
i∈I
lim←−
j∈Ji
π(Sij) = lim←−
i∈I
π(Ci, ωi).
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